The optimization of nonlinear optical processes at the nanoscale is a crucial step for the integration of complex functionalities into compact photonic devices and metasurfaces. In such systems, photon upconversion can be achieved with high efficiencies via third-order processes, such as third harmonic generation (THG), thanks to the resonantly enhanced volume currents. Conversely, second-order processes, such as second harmonic generation (SHG), are often inhibited by the symmetry of metal lattices and of common nanoantenna geometries. SHG and THG processes in plasmonic nanostructures are generally treated independently, since they typically represent small perturbations in the light-matter interaction mechanisms. In this work, we demonstrate that this paradigm does not hold for plasmon-enhanced nonlinear optics, by providing evidence of a sum frequency generation process seeded by SHG, which sizably contributes to the overall THG yield.
TEXT
Since the first experimental evidences of enhanced nonlinear optical effects in nanostructured metals, 1,2 the field of nonlinear plasmonics has been experiencing a continuous growth [3] [4] [5] [6] aimed at integrating multiple optical functionalities into ultra-compact all-optical devices. 7 Highly efficient nonlinear photon conversion in extremely confined volumes constitutes, indeed, a crucial step towards the realization of nanoscale photon conversion units 8 for quantum networks working at room temperature. In this frame, plasmonic nanoantennas can effectively compensate for the lack of phase-matching conditions 9 at the nanoscale by means of intense field enhancements and of the steep field gradients generated by the antenna hotspots at the plasmon resonances. 10, 11 One of the most efficient upconversion mechanisms in plasmonics, third harmonic generation (THG), consists in the absorption of three photons with equal energy followed by the emission of a fourth photon at three times the energy of the impinging ones. For plasmonic nanoantennas working in the visible range, the emission yield of THG is commonly reported to be orders of magnitude higher than that of Second Harmonic Generation (SHG), which entails the emission of a photon at twice the energy of the two impinging ones. In fact, THG benefits from the resonantlyenhanced volume currents in plasmonic nanoantennas at visible wavelengths, a process typically modeled by considering the bulk χ (3) material nonlinear susceptibility. [12] [13] [14] [15] [16] On the contrary, SHG is strictly forbidden in the bulk of centrosymmetric materials, such as those usually employed in plasmonics (Au, Ag, Al), where SHG is due to surface-related processes stemming from the removal of inversion symmetry associated with the metal/environment interface [17] [18] [19] [20] [21] [22] [23] [24] or due to strong field gradients and nonlocal effects. 17, 18 Such SHG mechanisms are typically described by an effective surface χ (2) nonlinear susceptibility, 4 The mechanisms at the basis of THG in metal nanostructures are still largely debated, [25] [26] [27] since the driving fields are strongly nonuniform within the skin depth inside the material and retardation effects might play a fundamental role. For this reason, the values of χ (3) extrapolated from plasmonic nanostructures display a large variability, depending on the sample quality in terms of surface roughness and/or on the spectral position of the plasmon resonances with respect to the driving fundamental wavelength (FW) and third harmonic (TH) frequencies. [28] [29] [30] [31] In particular, state-of-the-art modelling seems to fail in predicting the behavior of χ (3) in the near-infrared region, [25] [26] [27] where applications to sensing can profit from the low absorption of biological entities and nonlinear photon conversion would become compatible with optical fiber technology and silicon-based photonics. According to largely-adopted theoretical models, a significant drop of χ (3) is expected in the near infrared since, neglecting the frequency dependence of the nonlinear susceptibility, the third-harmonic intensity should scale as the fourth power of the inverse wavelength. 30 Although this picture was confirmed by some recent trials, 32 other experimental studies report extremely large THG conversion efficiencies in the same spectral range for both plasmonic 12 and hybrid nanoantennas. 33, 34 This indicates third-order nonlinear processes as a very promising route towards efficient photon conversion at the nanoscale even for infrared photons.
Further investigations are therefore essential to gain more insight into the processes promoting plasmon-enhanced THG in this wavelength range.
In this paper, we provide experimental evidence for the presence of a two-step cascaded process in the THG from non-centrosymmetric gold nanoantennas, 35 which adds up to the THG originating from a direct upconversion of three FW photons. We ascribe this phenomenon to the coherent built-up of sum frequency generation (SFG) process occurring between a FW pump photon at ω and a second harmonic (SH) photon at 2ω, which is seeded by a surface χ (2) -mediated process. As 5 predicted by full-wave simulations, the latter leaves a unique fingerprint in the THG polarization state, which deviates from that of a purely χ (3) -mediated effect. We unequivocally identify such behavior through the detection and analysis of the polarization states of both SHG and THG from the nanoantennas.
We investigate nanostructures realized following the same procedure as described in Ref. 35 and depicted in the inset of Fig. 1 . The antennas are engineered to feature a V-shaped nanostructure that determines the lowest-order antenna resonance, coupled to a nanorod whose function is to shift spectral weight across the 2ω frequency by plasmon hybridization. As in Ref. 35 , the aim is to tune the first and second resonance of the structure to be degenerate with the pump frequency ω and with 2ω, respectively, for efficient SHG. We focus our attention on a set of antennas having the same geometry and size of the V-shaped nanostructure, corresponding to a first resonance at the FW wavelength (1554 nm) and resulting in a comparable total antenna volume, a choice that provides similar conditions for the bulk contribution to THG. Yet, this set of antennas is characterized by rods having different lengths (or by no rod at all), providing different resonance conditions for the structure at the SH.
We characterize and compare the nonlinear emission of the nanostructures using the same microscopy setup employed in Ref. 35 . The ultrafast pump pulses, emitted by an Er-doped fiber laser are linearly polarized (polarization ratio 10 3 :1) to match the fundamental mode of the antenna and then focused by a 0.85 numerical aperture (NA) air objective, resulting in a pump intensity ranging from 0.04 to 0.2 GW/cm 2 in the focal spot. The nonlinear emission is collected by the same objective and, after a nonpolarizing beam-splitter and a filter cutting the residual pump radiation, is sent to either a visible/near infrared (Vis-NIR) spectrometer or a single photon avalanche detector (SPAD). Possible nonlinear emission from the substrate remains below the detection limit 6 in the whole employed pump intensity range. The polarization state of the emitted photons is analyzed by inserting a rotating broadband polarizer (extinction ratio ≈ 10 4 :1) in the collection path before the detectors.
A complete set of data presenting the SHG and THG emission properties determined on two samples with nominally equal geometrical parameters is presented in the Supplementary Information (Figs. S1 and S2). Here, we will focus our attention on the most efficient doubly resonant antenna in terms of THG and SHG (from a third sample with improved geometrical parameters), Antenna R, as displayed in Fig. 1 . For comparison, we will also report THG and SHG data obtained on a second antenna, Antenna V, which has no nanorod but is characterized by the same V-shape geometry (see Fig. 1 ). Figure 2a reports the nonlinear emission spectrum of Antenna R, characterized by two narrow peaks around 518 nm and 777 nm that correspond to the TH and the SH radiation emitted by the nanoantenna, respectively. To single out the individual SHG and THG contributions, although the incoherent luminescence emission from these nanostructures 36 is barely detectable, we select two narrow spectral regions (see arrows in Fig. 2a ) around the two emission peaks using band-pass filters. Figures 2b and 2c show the THG and SHG power curves acquired on the two antennas, R and V. A comparison between the power curves indicates that the SHG has a quadratic dependence on the pump power, while the THG has the typical cubic power dependence. As already previously reported, 35 Antenna V is less efficient than Antenna R, in terms of both THG and SHG. By considering the light collected and transmitted by the objective, the transmission of the optics and the quantum efficiency and the filling-factor of the SPAD, we estimate the effective THG (SHG) power emitted by Antenna R to be about 1.1 pW and γSHG = SHG ( FW ) 2 ≈ 3.9 × 10 -4 W -1 , where PTHG, PSHG and PFW represent the THG, SHG and FW measured peak powers, respectively.
The polar plots representing the THG and SHG intensities for the three antennas as a function of the rotation angle of the polarizer are shown in Figs. 2d and 2e, respectively. While the main polarization axis of the SHG is orthogonal to the polarization axis of the FW light (i.e. parallel to the symmetry plane of the V-shaped structure), as expected, 35 the polarization state of the THG presents some unexpected features: (i) the maximum emission is obtained when the polarizer angle is set at about 75° for antenna R, evidencing a significant tilt of the THG main polarization axis with respect to the linearly polarized pump electric field (see dark red double-headed arrow).
Conversely, the THG main polarization axis of Antenna V is parallel (within the experimental uncertainty) to the FW field; (ii) the degree of linear polarization, which is related to the ratio between the maximum and the minimum of the intensity in the polar plot, is less pronounced than that of SHG, especially for Antenna R. Qualitatively similar results have been reproduced on two sets of nanostructures with nominally equal geometrical parameters, as reported in the Supplementary Information (see Figs. S2 and S3). While the SHG polarization remains perpendicular to the FW electric field for all antennas, the main polarization axis of the THG emission is observed to be parallel to the FW polarization for V-shape antennas that have no nanorod counterpart, while it is systematically rotated counterclockwise for V-shaped nanostructures coupled to nanorods. Possible defects or fabrication uncertainties introduce some variability in the tilt of the TH polarization axis and in the THG and SHG intensities for nominally identical antennas. However, the systematic behavior of the THG emission from so many antennas allows us to rule out defects or surface roughness as the possible cause of the observed tilt of the TH polarization axis.
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To understand these peculiar observations, we numerically evaluated the nonlinear polarized emission of the nanoantennas supported by a perfectly linear substrate having a refractive index equal to 1.512. We performed full-wave finite-element simulations that consider the SH and TH emission of the nanostructures as the result of several nonlinear phenomena. To account for the process directly converting three photons at the FW as sketched in Fig. 3a , we considered three different mechanisms as possible driving sources for THG. The first one is a bulk χ (3) -mediated processes, modeled by considering gold as an isotropic material that induces a nonlinear polarization term at the third harmonic: 3 = (3) ( • ) (in Gauss units). [26] [27] [28] [29] [30] [31] The corresponding normalized THG emission plot is reported in Fig. 3d . A second source, encompassing non-local and gradient field effects that are known to contribute for strong field confinement in the nonlinear optical response in metals, 37 is obtained by analytically solving the Euler equations for the plasma dynamics as in Ref. 38 . The leading order contributions to 3 depending on the FW fields inside the nanostructures were obtained by neglecting the electron pressure, 38 which is assumed to be counterbalanced by the force due to the surface-barrier potential. Finally, we considered a surface contribution to 3 , proportional to the cube of the field at the surface. This surface 3 term is assumed to be perpendicular to the antenna surface, to mimic the behavior of the leading term for surface SHG (see below). Irrespectively of the relative THG efficiencies of these three phenomena resulting in the direct upconversion of three FW photons, they all return very similar TH emission patterns, with a polarization parallel to the electric field of the impinging FW pump. For this reason, in the following we just describe the process in Fig. 3a as produced by an effective bulk (3) term. We attribute this behavior, shared by all the three considered mechanisms, to the fact that our antenna geometry is characterized by a strong dipolar mode at the fundamental frequency ω, while it lacks well-defined resonances at 3ω. Therefore, the THG resulting from the aforementioned processes is reminiscent of the large fields associated with the dipole induced at the FW, which points perpendicular to the nanorod long axis.
Concurrently, we described the emitted SHG (see Fig. 3b ) by considering the nonlinear surface currents at the second harmonic (SH), 2 = 2 2 , with 2 = ⊥⊥⊥ (2) ,⊥ 2 � (where � is the normal to the metal surface). 24, 35, [39] [40] [41] [42] [43] Other components of the (2) tensor have been considered, but we found that they do not provide significant corrections. To account for the experimental conditions, the electric far field generated by each phenomenon was projected over the polarizer axis and integrated over a collection angle corresponding to the numerical aperture of the objective.
We have also evaluated the non-local and gradient field effects described in ref. 38 , which show the same qualitative SH emission polarization as the one obtained from the χ (2) -mediated SHG stemming from the surface. Both mechanisms, in fact, provide an SH emission polarized perpendicular to the FW, which we attribute to the fact that the nanostructures display a dipolar resonance at 2ω, with the induced SH dipole pointing parallel to the nanorod long axis. Therefore, in the following we just describe the SHG process as due to an effective surface ⊥⊥⊥ (2) term. A ready comparison with the experimental data shows that the polarization behavior of the SHG (Fig. 2e) is perfectly reproduced by a model based on an effective surface χ ⊥⊥⊥ (2) process (Fig. 3e) .
Moreover, the hierarchy of the SHG intensity is also qualitatively reproduced, showing the most efficient SHG for the better tuned antenna R and a much smaller emission for antenna V.
Conversely, the polarization behavior of the THG emitted by the investigated nanoantennas ( Fig. 2d ) cannot be reconstructed with an effective χ (3) model, which should display a polarized emission parallel to the FW electric field (Fig. 3d) and with a degree of linear polarization higher than that of the SHG (Fig. 3e) .
The behavior of the numerical results can be understood in terms of the symmetry properties of the electromagnetic mode that is excited at the FW. An important point to be stressed is that the nanorod in Antenna R is tailored to have the lowest-order resonance close to the SH frequency.
Therefore, at the FW, the field inside the nanorod is negligible compared to the one inside the Vshaped structure, which, in turn, is not significantly affected by the presence of the rod (see Supplementary Information, Fig. S3 ).
As demonstrated by the maps in Figs. 4d-f , the reflection symmetry of the field distribution inside the antenna is broken at the SH frequency, at which the nanorod fundamental mode can be effectively excited, producing sizable fields. To reproduce the symmetry-breaking associated with the tilt of the THG polarization axis, we thus need to consider a significant contribution of the SH fields in the upconversion mechanisms. For this reason, we include in our model a cascaded second-order mechanism, corresponding to a SFG process where a third-harmonic photon is generated by the coherent build-up of a FW photon and a SH photon (see the scheme in Fig. 3c ).
Such mechanism, which is commonly observed in non-centrosymmetric bulk crystals, eventually adds up to the THG from pure χ (3) -related currents and, if properly optimized, allows boosting the THG efficiency in these media [44] [45] [46] [47] [48] and even in mesoscopic non-centrosymmetric systems. 49, 50 The presence of cascaded effects in THG seeded by SFG in plasmonic nanoantennas has been neglected in the literature thus far because of the large difference often reported between the SHG and THG emission yields. However, sizeable SFG has been recently reported for some specific plasmonic nanostructures 15 and the optimization of SFG through intrapulse phase engineering has been exploited to maximize SHG in plasmonic nanoantennas. 47 Here we tentatively consider a surface Fig. 3d ), the main polarization axis of the cascaded THG emission from Antenna R is strongly tilted. Moreover, the plots in Fig. 3f show a shallower degree of linear polarization for Antenna R with respect to Antenna V. These features provide a rationale to justify all the experimental observations that a model based only on an effective χ (3) is not able to reproduce. A significant contribution of a cascaded THG process would in fact account for (i) the tilts we systematically observe in the polarization axis of the total THG emission, (ii) the large variability of the tilt angles for different antenna geometries, and (iii) the depolarization with respect to the pump polarization state. For these reasons, we believe that the peculiar polarization state of the THG emission constitutes an undisputable evidence for the presence of the cascaded effect contributing to the THG from our nanostructures. We stress that this conclusion does not depend on the particular model employed to describe the upconversion phenomena in our plasmonic nanoantennas, but is unambiguously supported by considerations based on parity conservation alone: as stated above, the THG main polarization axis could differ from the one of the FW illumination only in the case symmetry-breaking SH fields inside the nanostructures play a significant role in determining their third-order nonlinear response.
A quantitative numerical estimate of the overall THG yield, accounting for both the χ (3) -mediated and the χ (2) -cascaded processes, is hindered by the intrinsic uncertainty associated with the values of the second-order and third-order effective nonlinear coefficients of gold. While recent theoretical models for ⊥⊥⊥ (2) 39-41 were shown to be effective in reproducing several experimental findings [41] [42] [43] , the data reported in the literature for the χ (3) value of gold are still subject to a large variability, due to the role played by the nonlinear incoherent effects and to the dependence of χ (3) on the resonant conditions as well as on the experimental configurations. [25] [26] [27] [28] [29] 31 Moreover, the different mechanisms contributing to χ (3) -mediated and χ (2) -cascaded THG phenomena introduce further uncertainty in a quantitative comparison between the intensities of these two contributions.
Finally, while SHG is described by the nonlinear susceptibility ⊥⊥⊥ (2) ( , ), the SFG process leading to χ (2) -cascaded THG rather depends on a nonlinear susceptibility of the form ⊥⊥⊥ (2) ( , 2 ). Considering the strong dispersion of the nonlinear susceptibilities of metals, this is 13 another source of uncertainties. Despite all these limitations, our numerical model is able to reproduce the presence of a tilted THG polarization axis for Antenna R, while, as also expected from symmetry considerations, no tilt is present for Antenna V.
The qualitative matching between experiments and simulations indicates that cascaded effects need to be included to model the THG, in striking contrast with earlier findings reporting negligible interaction between SHG and THG in plasmonic nanoantennas. 52 We also verified possible effects of the pump fluency on the cascaded THG by acquiring power-dependent emission polar plots (see where the inversion symmetry is broken. 53 In both cases, the SH radiation associated with the local oscillating dipoles in the nanostructure destructively interfere in the far field, resulting in small γSHG values even for a high effective ⊥⊥⊥ (2) . Conversely, parity conservation in THG allows for the in-phase oscillation of dipoles either generated within the volume by third-order nonlinearities or at the surface by cascaded second-order nonlinear processes, resulting in a high radiation efficiency (and a high γTHG value) for both phenomena. A remarkable consequence of this conclusion is that significant fingerprints associated with the χ (2) -cascaded THG process can be expected even in plasmonic nanostructures characterized by low SHG efficiencies in the far field, which further corroborates the importance of our findings.
In conclusion, by studying the polarization state of the nonlinear emission in non-centrosymmetric gold antennas, we demonstrated that a χ (2) -cascaded process significantly contributes to THG. We underline that this conclusion does not depend on the model employed to describe second-and third-order optical nonlinearities but can be drawn only from the fact that parity conservation is broken only by SH fields. Such an upconversion mechanism based on a cascaded THG is particularly sensitive to the antenna geometry, since it stems from a sizeable SFG process 15 between the intense SHG and the pump photons. This result sheds new light on the processes behind THG in plasmonic nanoantennas and allows envisaging the possibility of further enhancing this phenomenon in the near infrared, where the influence of interband transitions becomes negligible. The ability to tailor and optimize the SFG process in plasmonic nanoantennas also offers new degrees of freedom for the optimization and integration of multiple optical functionalities into complex photonic devices and metasurfaces. 6 This represents a key step towards the realization of nanoscale and all-optical sensing devices for ultrafast switching and information processing in both classical and quantum optical systems at telecom wavelengths. 
